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ABSTRACT 

 
In the preprocessing stages of the computer graphical software. The Meshes are used to 

approximate and describe the models. These Meshes follow specific structures and they are 

made up of various elements. In many applications, there is no need to use massive and very 

detailed meshes. To simplify meshes, some methods are used which are known as coarsening 

methods. These methods simplify a mesh in such a way as to has the most similarity to the 

original shape. However, degradation of the mesh must be kept to a minimum and the structure 

should be maintained as much as possible. The objective includes creating a method for 

coarsening 2- and 3-dimensional hybrid meshes with acceptable accuracy; providing an 

appropriate platform for conducting research on hybrid meshes; reducing the final size of the 

designed meshes for rendering operations; accelerate the transfer of meshes on the network 

platform; increasing network data transfer speeds because of the mesh size reduction; 

facilitation and acceleration of convergence in solving equations of calculating external flows 

by simplifying the computational meshes. 

 

Keywords: 3D Mesh, 2D Mesh, Graphics Software, Optimization, Simulation, Model 

Simplification, Model Coarsening, Metric Fields, Edge Contraction 

 

 

INTRODUCTION 

 
The visual quality of a mesh depends on two factors. Number of mesh elements (if higher, the 

quality is better) And the quality of each cell and Face separately (The number of large angles 

should be at least). Although the number of cells and more elements makes visual images more 

attractive and more qualitative, on the other hand, in some cases it causes overhead due to the 

use of more resources which in interactive applications, makes the performance unacceptably 
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low. In the field of Computer Graphics, 3D models are used to describe the shape of a 3D space 

object that they represent. Different tools are used to represent these shapes, for example, the 

surface of curve modeling, constructive solid geometry, voxels, etc [11]. 

 

To improve the rendering performance, we usually need simplification of the original terrain 

mesh. More attention has been paid to how to improve the efficiency of mesh simplification 

and maintain geometric characteristics of terrain effectively. The existing mesh simplification 

algorithms include vertex deletion, edge collapse, vertex clustering, resampling and so on [12]. 

Meshes are generally divided into three categories. Structured, Unstructured and Hybrid 

meshes. The type of mesh that is used depends on the process to be performed. 

 

A hierarchical structure of a mesh is such that the mesh consists of a number of cells or unit 

volumes. Each volume or cell consists of joining a number of faces and each face also consists 

of a number of vertices. These vertices are connected using the Edges. Any connection between 

two vertices is called one edge. Simplifying or coarsening of a mesh, replacing the current 

complex mesh by a simpler model, so that the overall shape of the original mesh is maintained. 

This operation is one of the most important steps in preparing the meshes for processing in 

various applications. 

 

Multi-grid methods: are one of the most effective methods for solving linear and nonlinear 

algebraic equations in computational science. In these methods, a mesh sequence can be created 

to make each mesh simpler than its previous mesh. Generally, in these methods, the generation 

of the sequence of meshes is controlled by two conditions, First, Until the mesh can be 

simplified. Second, mesh quality does not exceed the threshold [4]. 

 

Metric Fields: In this study, we use some functions that called metric fields to coarse a fine 

mesh with a high anisotropy in the boundary layer. These functions convert the problem-

solving field and graph generated from the mesh into a metric field. The general method is that 

at first, characteristics of the cells stretching size and stretching directions will be generated, 

Then the generated metrics are interpolated onto the nodes and the metric tensor will be 

generated on the nodes. 

 

In the selection stage for detect removable mesh elements, the purpose of using the metric 

fields is to increase the precision of the mesh coarsening with a high degree of anisotropy 

(aspect ratio of order 104) [7]. 

 

The proposed solution is the mesh coarsening in the direction of perpendicular to the maximum 

elongation. Metric mapping is used to determine the direction of the most elongation of the 

elements. After defining the metric fields of the cells and interpolating its values on the vertices, 

the eigenvalues of this metric tensor, which represent the direction and size of the elements, 

changes in such a way that the shape of the element approaches to a equilibrium [7]. 

 

The bug of this method is in the case when the mesh is becoming completely anisotropic to an 

isotropic state, In this case, the mesh may cause deformation in the isotropic area. This 

transition zone is known as the "H-Shock". To solve this problem, a solution to limit mesh 

changes should be implemented. This can be accomplished by two ways of limiting the size of 

the characteristic function changes and limiting the Euclidean length ratio of the two adjacent 

edges. 

 

 

IMPORTANCE AND NECESSITY OF RESEARCH 
 

In many numerical computing software, using these algorithms increases the convergence rate 

of solving equations. Also, in addition to the accuracy of the algorithm, in the development of 
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coarsening algorithms, the reduction of its operational overhead is very important. An accurate 

and fast model simplification algorithm can increase operational efficiency, such as rendering 

images in graphical software, as well as solving equations in computational applications. At 

present, there are several implementations of algorithms for coarsening meshes in commercial 

programs. But due to the exclusivity, the algorithms and those codes are not available, therefore 

can't be developed and used in other studies. This issue proves the necessity of developing 

these types of algorithms, so that the results can be used in different researches. In the 

embedded systems that calculate flow equations for the devices in a dynamic and instantaneous 

manner, such as computers in aircrafts, as well as missile and other systems, the proposed 

method can improve the response time, processing time and the accuracy of the required 

processings. 

 

Computational Fluid Dynamics (CFD) commercial applications are the most commonly used 

method of simulating flow in the field of fluid mechanics. Considering that the design and 

construction of any mechanical device requires extensive and costly testing in well-equipped 

laboratories. By solving basic equations and stream simulations, we can make significant 

savings in time and cost. 

 

The data for microstructure computational models can come from a variety of sources. Three 

principal sources are analytic geometry, voxel data, and volume fraction data. Analytic 

geometry may be given by a series of geometric primitive specification. Voxel data is provided 

as a dense set of integers on a Cartesian grid where the integer represents the dominant material 

in each cell. For analytic geometry and voxel data the input must first be converted into a 

volume fraction representation to be processed. For analytic geometry, a series of inside-

outside tests are performed on a uniform grid of sampled locations within each cell to 

approximate the volume fraction of each material present [8]. 

 

General Concepts: 

 

It is possible to create meshes that are structured in some areas and are unstructured in some 

other areas. These types of meshes are called hybrids. This type is most commonly used in 

boundary layer meshes and in computing software that requires very accurate computing in the 

boundary regions. Most of the algorithms for eliminating and simplifying the elements of a 

mesh, remove elements, points, or edges, based on one of the three methods of vertex 

clustering, edge contraction, and vertex removal. 

 

Vertex clustering: A cell that can be 2D or 3D depending on the type of mesh, is placed around 

the input model. Then this large cell is divided into a number of smaller cells. An element of 

each cell is selected and the rest of the cell elements are merged with that element and then 

deleted [3]. 

 

Figure 1: Simplification by vertex clustering 

 

Edge contraction: In this method, all of the edges are selected repeatedly, and at each time it 

is repeated, the desired edge contracts toward one of the two vertices attached to it. By 

contracting the edge, all the elements connected to the desired edge will be updated. Many 

implementations of this algorithm can be made [3]. 
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Figure 2: Simplification by Edge contraction 

 

Vertex removal: In this method, each vertex will be removed with its adjacent faces. In this 

method, like the edge contraction method, a cost function determines which vertices are best 

to be selected to minimize the mesh. After selecting the vertices and removing each vertex with 

its adjacent faces, a hole arises that is surrounded by a circuit of the edges; therefore, at this 

step, the resulting hole needs to be restored. The removal of the cavity is done by a series of 

operations called "re-triangulation" [3]. 

 

 

Figure 3: Simplification by Vertex Removal Method 

 

Deciding which type of element is optimal to use: 

 

Suitability of the four most commonly used element types along with varying mesh resolution 

in CPFE modeling of grain structures are investigated using large-scale simulations. A voxel-

based polycrystalline grain structure is generated by a phase field grain growth simulation and 

converted to interface conformal hexahedral and tetrahedral element meshes of variable 

resolution. Procedures for such interface-conformal mesh generation over complex shapes 

relying on Patran for tetrahedral and Cubit/Sculpt for hexahedral elements are described. CPFE 

simulations of simple tension and simple shear deformation conditions are performed. Minor 

sensitivity of models to these boundary conditions is observed. The computational time per 

CPU was measured to scale with the degrees of freedom for every element type. As the time 

per CPU scales with the number of degrees of freedom, linear elements are faster per CPU than 

the corresponding quadratic elements. However, hexahedral elements exhibit a better 

convergence rate than quadratic tetrahedral elements and arrive at a solution of equivalent 

accuracy to quadratic tetrahedral elements at less computational cost. Simulation results 

suggest that linear tetrahedral element is not appropriate for CPFE modeling of grain structures 

as these elements are overly stiff. Mesh refinement only moderately improve such simulation 

results. Results also show that quadratic brick elements are not suitable for large plastic 

straining of complex geometries due to their propensity to volumetric locking. 

 

Similarly, mesh refinement only reduces the checkerboard pattern in pressure fields. The mesh 

resolution studies in capturing mechanical fields shows that brick elements are more sensitive 

than tetrahedral elements, which can be associated to geometric adaptability of tetrahedral 

elements. Geometry features can be lost with brick element coarsening. Moreover, tetrahedral 

elements are suitability for rapid and automatic meshing algorithms. In summary, quadratic 

tetrahedral and linear hexahedral elements are more accurate for crystal plasticity finite element 

modeling than linear tetrahedral and quadratic hexahedral elements. Furthermore, tetrahedral 

elements are more desirable due to fast mesh generation and flexibility to describe complex 

grain structure geometries. It is anticipated that the results from this study provide useful 

guidance for future CPFE modeling of grain structures. This guidance should be applicable to 

other crystal plasticity models as constitutive models and hardening formulations have minor 

effects on mesh sensitivity [2]. 
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Function-based coarsening methods: 

 

These methods are the best ways to simplify meshes. In the function-based methods, how to 

define a size function has an important role in the final mesh quality. Based on [13], a function 

called Sp(v) will be defined on the vertices u ε V of M. The function Sp(v) will approximate 

the local size of the mesh elements. The nearest neighbor's distance can be a good measure 

criterion for approximation [9]. A parameter β ensures that the distance of the function Sp(v) 

for the vertex v after the coarsening will be at least β times to the initial state. This method will 

use the following:  

 

 
 

We say that a coarsened subset of the set of points M, V FBC followCs the distance condition if: 

 

 
 

Coarsening will either be performed on a specified number of steps or will be performed until 
the mesh reaches the maximum specified thickness. In this way, the quality of the generated 

mesh will be a limiting factor [5]. For example, the minimum aspect ratio should be limited 
by a constant. 

 
A function-based method consists of the following steps: 

 
- Define a initial mesh size function 

- To form a new distance function, increase the size as needed 
- Depending on the new function, remove the removable points, edges and elements 

- Create a link between the points that were remained in the previous step 

 
In related to the size function, we can say that, the set of points P by the function f will be 

spaced to β if: 
 

 
 

And then the function f will be known as the spacing function of the set P of degree β [5, 13].  
 

Defining the metric fields, on the fine mesh elements: 

 

One of the main concepts in mesh computing is to define the metric fields on the mesh 

elements. The metric field specifications will ultimately be effective in calculating the size of 

the elements and the lengths of the edges. In the process of detecting removable points, in 

order to calculate the metric of the points, we first need to generate it on the cells. Generally, 

the metric fields are positive and symmetric positive matrices, and Their dimensions are equal 

to the dimension of the mesh space [6]. 

 

H-Shock:  

 

The metric fields defined on mesh nodes can performs a good coarsening in normal areas of 

the mesh, but the problem occurs in an area called the H-Shock. If the mesh becomes a 

completely non-isotropic state to an isotropic state, it is called the H-Shock area. 
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Figure 4: An image of a H-Shock event 

 

On the left side, the area between the boundary layer and the isotropic mesh region and on 

the right side, the elliptical state of the metric field on the nodes i and j are shown [4]. As you 

can see, the radius of both ellipsoids is equal to x. Using the correction algorithm, the node j 

is detected in the boundary layer region and will be coarse only in y direction. While the node 

i is in the isotropic region, it will be coarse in both x and y axis directions. 

 

 

Figure 5: Comparison of the metric size of a node in isotropic and anisotropic regions 

 

We find that a quick change in the mesh coarse is happening. The solution provided for solve 

this problem is called H-Shock correction. 

 

Mesh Layering:  

 

In the process of coarsening a boundary layer mesh, in order to preserve the overall shape of 

the anisotropic region of the boundary layer, the anisotropy and boundary layer must be 

detected and layered. Each layer must be identified with an integer number. The areas to be 

layered are the boundary layer around the airfoil and the wake area [4]. 

 

- At first, the anisotropic points of the mesh will be detected. Then the initial seed points 

will be identified. 

- The initial layering will then be done and the points that are inaccurately and 

discretely layered will be removed from the layering.  

- The boundary layer regions will be corrected, such that the points that are not even 

anisotropic, but are in a layer i that part of that layer contains anisotropic points, will 

be added to the layer i 

- New seed points will be detected to begin the wake area layering 

- Finally, the points of the wake area that are incorrectly layered will be removed from 

the layering. 

 

Multi-grid methods on complicated unstructured meshes: 

 

In [5], introduced a method for coarsening complicated unstructured meshes. The proposed 

method is a multi-grid approach. The purpose of this method is to simplify and increase the 

convergence rate of solving equations on unstructured meshes. In this method, a circle (or a 

three- dimensional sphere) is used around each of the mesh nodes. The radius of this circle is 

considered as a spacing function. At each time, only those nodes of the mesh are deleted that 
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their circles overlap. The circles around each node are completely separate at the beginning 

that will be coarse. By coarsening, those that are close enough to each other will overlap. so, 

the algorithm can delete them. The steps are shown in the following: 

 

Figure 6: Distance of the nearest neighbor to each node before and after coarsening 

 

In the above figure(left) we see a mesh with the initial circles. We see that in this case none of 

the circles are not overlapping with each other. In the approach used in this survey, the closest 

Euclidean distance to each node is used to create these circles. The right-hand figure shows the 

circles after coarsening the distance function. We find that there are a number of overlaps that 

can be removed from the mesh as follows. 

 

 

Figure 7: Deciding to remove one edge according to the size of the criteria 

 

According to the above figure, we see that the central node of the mesh is selected as the 

primary node that remaining in the mesh, and in the right-hand side we see that the adjacent 

nodes that circles overlap with the central node circle have been removed from the mesh. Also, 

in the right- hand side, after the initial contraction in the mesh center, another node is selected 

to remain in the mesh. The node is marked with a gray color. Two nodes overlapping their 

circles with the selected node circle are also displayed using a pale gray color. In this method, 

the order of selecting nodes is very important. To arrange the nodes, we can use many factors 

such as boundary nodes, apex nodes or nodes in particular areas. This method cannot properly 

coarse meshes with an anisotropic boundary layer. 

 

Automatic coarsening of anisotropic unstructured meshes: 

 

This method is used to detect the removable elements of the meshes. In this algorithm, it is 

possible to simplify the high-anisotropy boundary layer meshes. This will be done by Metric 

Fields. Each of the metrics, expresses an ellipse around each of the mesh nodes by a rotation 

matrix. The defined ellipses, determines the direction and elongation of each element. In this 

method, coarsening is done in two ways. Coarsening in anisotropic regions will be based on 

the Metric Fields and only in the direction of the least elongation. This kind of coarsening is 

called semi- coarsening. In other isotropic regions of the mesh, coarsening is done by the metric 

fields and in all directions, which is referred to as full coarsening. After defining the metrics, 

the metric field coarsening will be done by the following algorithm. 
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An algorithm for coarsening metrics defined on the mesh nodes 

 

This method is in the category of multi-grid methods and the final mesh that coarsened by this 

method has an acceptable quality, especially in boundary layers. In the metric fields, the inverse 

of the eigenvalue of each matrices, defines the size of the mesh in each direction. In this 

method, first, the metric field matrices will be defined on the mesh elements, and then they will 

be interpolated on the mesh nodes [4]. 

 

Define metric fields on the fine mesh elements: 

The following formula will be used to define a metric on the mesh cells or elements. 

 

In the above relation we have  and the d parameter is equal to the dimensions of 

mesh. In this regard, the multiplication of the matrix 𝑥⃗ 𝑖𝑗 with dimensions 𝑑 × 1 and  with 

dimensions 1 × 𝑑 will create a matrix with dimensions 𝑑 × 𝑑. In front of the 𝛴 mark, depending 

on the dimensions of the mesh, 1, 3 or 6 matrices are obtained for 1, 2, or 3 dimensional meshes. 

After summing the matrices together, the inverse of it will be multiplied by CM. In this way, 

MT tensor metric will be generated on the element T [6].   

 

Metric fields interpolation on the fine mesh nodes: 

To define a metric on a mesh, it will first be necessary to define a metric tensor for each element. 

Suppose Th represents a triangular mesh of a multi- dimensional domain Ω, which consists of a 

set of nodes called N and a set of two-dimensional or three-dimensional elements called T which 

that nodes are members of the set N. In the next step, the tensor metrics that generated on the 

mesh elements should be interpolated over mesh nodes. So as long as the tensors defined on the 

elements, on each point, define the length and direction of elongation of the points. The set T (i) 

is defined as: its members include T elements that are common to i, iϵT. The metric matrix on 

node i is calculated using the following equation: 
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𝑖 

𝑐𝑎𝑟𝑑(𝑇(𝑖)) represents the number of members in collection 𝑇(𝑖). M
−1

2
 is a function of a 

matrix, based on its diagonal form 𝑀 = 𝑉. 𝐷. 𝑉𝑇 which is calculated as M
−1

2
 = D

−1

2
 . VT with 

the same definition for M-2. The exponents of 
−1

2
 and -2 re used to averaging the mesh size 

characteristics [7]. 

 

The division of mesh nodes and elements into two isotropic and anisotropic categories: 

The nodes of a boundary layer model can be coarse in two isotropic and anisotropic methods. 

If the ratio of the maximum metric stretch size to the least size is greater than a threshold, then 

the node will be considered as a node that belongs to the anisotropic region of the mesh. The 

division of nodes into two isotropic and anisotropic categories can be useful in coarsening of 

different regions, and can also be used for layering on the boundary layer of anisotropic regions. 

Metric correction for more accurate estimation in regions with high anisotropy: 

The metric fields that are defined on nodes and cells, locally determine the size and direction 

of elongation of cells and elements. Experimental results show that under certain conditions, 

these metrics cannot maintain the characteristics of the mesh. For example, if the aspect ratio 

of the adjacent edges to the smallest mesh characteristics be more than a threshold (such as the 

thickness of the boundary layers). To solve this problem, after the metric fields are defined on 

the mesh nodes, it is necessary to correct the nodal metric eigenvalues. So that we can identify 

the smallest mesh characteristics, such as the thickness of the boundary layers and keep the 

changes in place. 

To do this, based on [10], for the metrics of each node, we will to divide it into the form below, 

in which the matrix D is a square matrix with eigenvalues of the matrix on the main diameter 

arranged in ascending order. Also, V is an orthogonal matrix of eigenvector matrices of the 

main matrix. VT also is a transposition of the matrix V.  

 

It is also explained in the article [10] that After decomposing the main matrix, we need to 

replace the main eigenvalues with a matrix of corrected eigenvalues. A new eigenvalue matrix 

for each vertex will be considered as D and will be calculated from the following equation:  

 

In this equation, T is a cell, and Tk is each of the cells connected to the processing point. Also, 

card (T) means the number of cells which connected to the point. After calculating the new 

corrected diagonal matrix, the final eigenvalues must be multiplied in the old eigenvectors.  

 

In the above equation, Mi means the node metric which to be processed. Also, V I is a matrix 

of old eigenvectors [4].  

Using Unsupervised Segmentation Techniques: 

The segmentation method that we use in this research is a unsupervised Segmentation 

Technique which itself includes different methods. This means that the segmentation of 

different areas is done automatically based on the metric fields. One can say that a simple 

unsupervised algorithm can build a model of the relevant data, where data points are 

independently and identically chosen from some distribution P ( X )2. In the field of mesh 

segmentation, unsupervised learning is one of the methods used [1]. According to the research 

done in [1] Our chosen method is a partition-based method. 

Considering the center of the data points as the center of the corresponding cluster is the 
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fundamental idea of this kind of clustering algorithm. Since clustering depends on the center 

of data points, partition-based methods are called centroid-based methods [1]. 

In [1] research, various algorithms have been mentioned that we can use all of these algorithms. 

The only difference is in the size criterion chosen. 

H-Shock Correction:  

In the previous sections, the concept of H-Shock was explained. In this section, we can use the 

following algorithm to correct the H-Shock problem. 

- Until the h-shock for one edge is greater than the threshold β, repeat it: 

o Suppose that we are processing a PQ edge 

o Calculate ℎ(𝑃) (and so ℎ(𝑄)) size function in the vicinity of point 𝑃 (And 

so 𝑄) in the direction 𝑃   𝑄    (assuming ℎ(𝑃) ≤ ℎ(𝑄)) 

o Calculate 𝑙(𝑃𝑄); as the length of the 𝑃𝑄, in the metric space 

o Calculate 𝑐(𝑃𝑄); as h-shock value in the direction of the 𝑃   𝑄    edge 

o If 𝑐(𝑃𝑄) ≥ 𝛽, then the metric Md
(Q) will be replaced by 𝑀𝑑

(𝑄)
, where 𝜂 = 

                                                                                             𝜂2 

 

Given the necessity of calculating the function size h, in the vicinity of a point and in the direction 

of the edge connected to it, using the generic metric definition, we can calculate the following 

equation.  

 

This equation returns the metric size adjacent to a point in the direction of a connected edge to it. 

In this function, x is the coordinate of the point in Euclidean space and v is a unit vector in the 

direction of the desired edge, Also, M is a metric field associated with the point [4].  

Layering in the boundary layer regions: 

For each node 𝑖, we can define an index 𝐿(𝑖), which specifies the number of the layer. This means 

that the point 𝑖 belongs to a layer with index (𝑖). As an example in the figure below, a simple 

layering is specified on the nodes of a mesh. 

 

Figure 8: An example for boundary layer layering of a mesh 

For layering of the vertices of a mesh, we can use the connection between points, First, we choose 

a layer to get started, which is sure that its points belong to a common layer. To do this, we can 

choose the internal boundary nodes on the airfoil and consider all of them in a specific layer. 

Then, depending on the chosen start layer, the rest of the nodes can be layered. 

In this survey, we consider the stretched boundary points to identify the first points of the seed, 

and consider all the boundary points that connected to these points as seed. This set of points will 

be Layer #1. 
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𝑘 

Table 1: Initial mesh layering steps 

 Basic Mesh Layering Steps 

 

1 

 

Detecting Stretching Nodes 

2 Detecting Seed Nodes 

3 Perform initial layering 

4 Remove discrete layer Indexes from Layering System 

5 Correcting Boundary Layer Node Layer Indexes 

6 Re-Define Seed Nodes 

7 Perform Layering Again 

8 Remove discrete layer Indexes from Layering System Again 

 

Coarsening the metric fields defined on the initial fine mesh: 

The metric field defined on the initial fine mesh must be coarse enough to select the appropriate 

elements to be removed and be able to check the distances between nodes on each edge. 

The coarsening algorithm works as follows: 

For all nodes 𝑖 = 1, …, 𝑛 belonging to the main fine mesh, we assume that the metric 𝑀𝑖 is defined 

on these nodes. Coarsening will be done in the following way:  

- Mi will be decomposed to its eigenvalues in descending order, 𝜎(𝑀) = {𝜆1, …, 𝜆𝑑}, 𝜆1 

≥ ⋯ ≥ 𝜆𝑑, and eigenvectors corresponding to each eigenvalue {𝜈⃗ 1, …, 𝜈⃗ 𝑑}; 𝑑 is equal 

to the dimensions of the space and accordingly equal to the tensor dimensions (for 

example, in the 2-dimensional tensor space we have 2 × 2 matrices). 

- Define the size function according to  𝑘 = 1, …, 𝑑, ℎ1 ≤ ⋯ ≤ ℎ𝑑 and also ℎ0 = 

𝐶𝐶𝐹. ℎ1 

- For 𝑘 = 1, …, 𝑑, the following steps will be done: 

o Change the metric specifications as: 

ℎ𝑘 ← 𝑚𝑎𝑥⃗ (ℎ𝑘, 𝑚𝑖𝑛 (𝐶𝐶𝐹. ℎ𝑘, ℎ𝑘−1)) 

o Define new eigenvalues as 𝜆𝑘 ← ℎ−2 
o Calculating the coarsened metric matrix by multiplying the new 

eigenvalues 
{𝜆1, …, 𝜆𝑑} in the old eigenvectors {𝜈⃗ 1, …, 𝜈⃗ 𝑑} 

In the anisotropic regions, the coarsening will only be done at the minimum stretching direction, 

while in isotropic regions, coarsening will be done in all directions [4]. 

Identify removable edges and edge contraction: 

A function f, on the domain 𝛺 is 1 − 𝑙𝑖𝑝𝑠𝑐ℎ𝑖𝑡𝑧, if for every 𝑥⃗, 𝑦 belongs to 𝛺: 

 

The set of points P are called spaced if: 

 

In this way, the function f is known as the spacing function of the set P. Suppose 𝛽 > 1 is a real 

number and 𝑓 is a 1 − 𝑙𝑖𝑝𝑠𝑐ℎ𝑖𝑡𝑧 function. A set of points P, are 𝑓𝛽 − 𝑠𝑝𝑎𝑐𝑒𝑑 [5]. If for every 

point 𝑝, 𝑞 have: 
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In this research, in the isotropic regions, the nearest neighbor function is used as a criterion. Also 

in the anisotropic regions, the ellipse radius defined by the metric fields is used as the size 

function. 

The proposed algorithm, in brief: 

The process steps of the proposed algorithm are briefly described below:  

- Get the input mesh data 

- Identify the edges that can be deleted from the mesh 

o Identify mesh boundary layer points  

o Define metric fields on the mesh points 

▪ Define metrics on the mesh cells 

▪ Interpolation of cell metrics, on the mesh points 

▪ Correcting eigenvalues for the point metrics  

▪ H-Shock correction of the mesh point metrics 

▪ Coarsening the final metric sizes 

o Mesh Layering 

▪ Identify the points that belongs to the anisotropic regions 

▪ Identify the seed points for layering 

▪ Perform the basic layering 

▪ Remove points and layers that are discretely layered from set of layered points 

▪ Complete the layers that are not completely layered 

▪ Define new seed points for wake region layering 

▪ Repeat layering operation for wake region layering 

▪ Remove points and layers that are discretely layered from set of layered points 

o Sorting the mesh points based on the defined layer indexes 
o Define a criterion for coarsening the isotropic regions (half of the nearest 

neighbor distance) 

o Identify removable mesh nodes  
▪ Select a point (P1) 

▪ Identify the point(P2) that is in the minimum stretch direction of the P1 

▪ Checking the 𝑃   1⃗⃗⃗   𝑃    2⃗⃗   edge removal capability based on defined criteria  

▪ Controlling the amount of possible coarsening 

▪ Store P1 and P2 as the points of the beginning and the end of the removable 

edge 

▪ Update the modified mesh connections 

o Removing the detected removable edges from the mesh by the edge contraction 

method 
▪ Select the edges that were detected in the previous steps as removable edges 
▪ Check whether the mesh has a negative volume or not 
▪ Checking invalid cell creation 
▪ Remove the selected edge 

• Identify the points and edges that are adjacent to the selected edge 

• Deletion or deformation the adjacent cells of the selected edge 

• Deforming or removing the removable faces 

• Updating mesh information about the edges of each region 

o Update the mesh connectivity graph data 
• Removing the deleted edges of each region from the entire mesh data 

• Update the mesh connectivity matrix and also general information 

about it 

o Rewrite the mesh data in an output file 
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Accuracy of the algorithm in detecting the boundary layers and anisotropic regions: 

 

One of the works that must be done in mesh coarsening algorithms is to identify the anisotropy 

of the points and elements, but this is not enough to achieve a good precise mesh. Usually in 

anisotropic regions of a mesh, the points and elements are in the form of a layered structure 

[11], therefore, after the coarsening operation, the structure of each layer should be maintained 

as much as possible. As the number of nodes identified as anisotropic nodes differ by the 

number of layered points, it means that layers may be deformed in the main mesh. in this case, 

the simplified mesh may not have acceptable accuracy compared to the fine mesh. In this way, 

we can use it as a criterion for evaluating the results. 

 

In the previous sections we said that a mesh in anisotropic regions would be simplified only at 

the least stretching direction; Therefore, in the anisotropic regions and the boundary layers of 

the mesh, in the other directions, it is not permissible to simplify. Also, due to the fact that in 

an appropriate simplification the layers of the boundary layer will be eliminated in a one-to-

one order, we can expect that half of the points belonging to the boundary layers be eliminated 

after the simplification. 

 

In [4], it has been explained that in boundary layer meshes, layering can be done more 

accurately by dividing the boundary layer into several different classes. In this study, we will 

use this technique to evaluate the method. we will divide the mesh nodes into several classes 

in terms of dimensions and metrics, and we will examine the degree of coarsening done in each 

class. As we said, the mesh in the anisotropic regions will only be coarsened in a minimum 

stretching direction; while in other regions it will be coarse in all directions. Therefore, at each 

step of a proper coarsening process, the aspect ratio of the elements cannot be increased. 

Regarding this issue, we use the following equation to examine the number of nodes allowed 

to be in each class after coarsening: 

 
 

In the above equation, RN is the number of remaining nodes, CN is the number of simplified 

nodes in the class i after the coarsening, and also TN is the total number of nodes in the class i 

before doing the coarsening. In summary, the above equation ensures that a new node will not 

be created in the anisotropic regions [10]. As a result, in order to evaluate the accuracy of the 

algorithm in identifying the anisotropic regions and the boundary layers, we can examine the 

following criterion: Total number of nodes which identified as anisotropic must be greater than 

or equal to the sum of total number of the nodes in the boundary region. In the following, we 

see the calculated data for a sample mesh:  

 

Table 2: Calculation of the data for a sample mesh: 

 Class 𝐶3 Class 𝐶2 Class 𝐶1 

Number of class nodes in the fine mesh 520 4049 1531 

The number of nodes that have been 

removed from the class after coarsening 

 

260 

 

1705 

 

215 

Number of class nodes in the coarse 

mesh 192 1950 1316 

Maximum number of nodes in each 

class in the coarsened mesh 260 2018 1778 
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Figure 9: Example of evaluating accuracy of algorithm in detecting the anisotropic 

 

In this example, the nodes of a mesh are divided into three distinct classes. The 𝐶3 class contains 

the most stretching nodes and the 𝐶1 class contains nodes with the least stretching. We can see 

that the number of nodes in each class after coarsening is less than the number of the fine mesh 

nodes and also lower than the allowable number of nodes in each class.  

 

Evaluating the geometric quality of mesh elements after coarsening: 

 

This type of evaluation consists of two parts. The first part is a geometric quality calculation 

of all the coarsened mesh elements. Geometric quality is calculated individually for each 

element of the coarsened mesh. it is a function of the mesh element geometry and the 

corresponding metric fields of the fine mesh and shape, volume and the size of the mesh 

elements. For evaluating the quality of the elements, aspect ratio changes can be used. In this 

way, the aspect ratio of the largest metric size of a point to its minimum after coarsening should 

be greater than or equal to the coarse metric aspect ratio and smaller than the ratio of the initial 

fine metric. In other words, this condition can be used to evaluate the following two states: 

 

- The mesh in anisotropic regions should be coarse along the least stretching direction. 

- the coarsening in the vicinity of each point should be done in a controlled manner. In 

other words, the mesh size adjacent to any point should not exceed the limit specified 

by its metric fields. 

 

The second criterion can examine the overlapping of the coarse mesh elements. By examining 

the overlap of the elements, we can examine the invalid states of a mesh, such as negative 

volumes, or change of the boundaries. One of the important issues in evaluating by this method 

is to detect the threshold or the limit of allowed changes in the coarse mesh rather than the fine 

mesh.  Removing the boundary points can reduce the overall volume of the mesh. Also, given 

that apex points cannot be removed from the mesh. the volume that can be lost by deleting all 

non-apex points from the mesh can be considered as the maximum amount of volume variation 

allowed. In the boundary faces, the points can only contract toward one of the other boundary 

points, so the second point will definitely remain in the mesh. Therefore, it can be concluded 

that the maximum boundary points that can be excluded from the mesh can be calculated from 
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the following equation: 

 
In the above equation, 𝑚𝑎𝑥⃗𝐶𝐵 is the maximum number of boundary nodes that can be removed 

from a mesh, 𝐵𝑜𝑢𝑛𝑑𝑟𝑦𝑁𝑜𝑑𝑒𝑠 are the total number of nodes in all regions, 𝑎𝑝𝑝𝑒𝑥⃗𝑒𝑠 are the 

total number of nodes and 𝑓𝑜𝑙𝑑𝑠 are the number of boundary curve points. We can only use 

the number of boundary points that have been eliminated to evaluate the method. we can also 

calculate the maximum volume that can be lost from the mesh by coarsening. 

 
In the above equation 𝑙𝑜𝑠𝑡𝐴𝑝𝑝𝑒𝑥⃗𝑒𝑠𝑉𝑜𝑙(𝑚𝑎𝑥⃗𝐶𝐵(𝑖)) is the maximum volume that is allowed to 

reduce from the mesh when deleting the 𝑚𝑎𝑥⃗𝐶𝐵(𝑖) point. Clearly, at least changes are zero. 

This means that in a proper simplification process, volumes cannot be added to the mesh. 

According to the above, adding a volume can mean an overlap between the elements, which is 

an invalid state in the mesh. In the following, how to set the threshold for volume changes will 

be explained as an example.  

 

Table 3: General Specifications of a fine mesh 

Specifications Mesh M1 

Number of boundary nodes 500 

Number of apex nodes 20 

Number of boundary curve nodes 50 

Sum of element volumes in Euclidean space 15 

Average length of the boundary edges in Euclidean space 
1 

 

As the first case, we need to calculate the amount of lost volume by deleting a non-apex node 

in the mesh. The coordinates of one of the non-apex points of the mesh and the coordinates of 

its adjacent points are as follows. Note that for simplicity in understanding the subject, it is 

assumed that only two edges are connected to the apex point. 

 

Point coordinates: 𝑃𝑎 (−5,10,0), 𝑃1(−4.3,11,0), 𝑃2(−5,9,0)  

 

Therefore, the lost volume is a triangular shape between the three edges:  

 

𝐸𝑑𝑔𝑒𝑠 = 𝑃   𝑎  𝑃   1 , 𝑃   𝑎  𝑃   2 , 𝑃   1  𝑃   2  
 

At this point, we have the points and their coordinates, so we can calculate the maximum 

volume that can be lost by the contraction of each of the boundary nodes. To calculate the 

volume according to the method presented in (Robert Nurnberg) we use the following equation: 

 
In the three-dimensional meshes, the following equation will be used: 
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In the above equation 𝑛^𝑖is calculated by the following tensor multiplication: 

 
𝑛^𝑖 = (𝑏𝑖 − 𝑎𝑖) ⊗ (𝑐𝑖 − 𝑎𝑖) 

 

According to the data, the maximum volume that can be lose from the mesh, in case that we 

remove the point 𝑃𝑎 will be calculated as follows: 

 

𝑙𝑜𝑠𝑡𝐴𝑝𝑝𝑒𝑥⃗𝑒𝑠𝑉𝑜𝑙 = −12 + 5 + 16.3 = 9.3 

 

So, the number of removable boundary points is equal to the following value:  

 

 
The calculation of the maximum lost volume should be done for all 215 points to achieve the 

maximum removable volume.  

 

 

RESULTS 
 

To ensure good representation of the fluid-solid interface or the existing mesh has to be allowed 

to deform to track the moving geometry [10]. In this section to evaluating the proposed method, 

the results of the algorithm will be examined on multiple meshes, along with their initial and 

the coarse states. 

 

A hybrid mesh around an airfoil a with boundary layer region and a wake area: 

 

This mesh has an anisotropic boundary layer region and a wake area. Other areas are isotropic. 

The elements of the boundary layer section are in the shape of a quadrangle.  

 

 
 

Figure 10: The mesh (far view) in fine mode(red) and after coarsening(green) 

 

 

 

 

 



DEVELOPMENT OF AN EFFICIENT SIMPLIFICATION METHOD FOR 2D AND 3D HYBRID MESHES IN 

COMPUTER GRAPHICS APPLICATIONS 

UJRRA │Volume 4│Issue 2│Apr–Jun 2025                                                                                  289 

 

 

 

Figure 11: Part of the boundary layer in the fine mesh(red) and after coarsening(green) 

 

 
 

Figure 12: Part of the boundary layer in the fine mesh(red) and after coarsening(green) 

 

 

Figure 13: The wake area and boundary layer of the mesh in the fine mesh(red) and 

after coarsening(green) 
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Table 4: Specification before and after coarsening 

Specification Before Coarsening After Coarsening 

Number of Cells 16459 7612 

Number of Faces 28436 13306 

Number of Regions 3 3 

Interior faces of zone FLUID 27949 12848 

Faces of zone AIRFOIL 424 424 

Faces of zone INLET 63 34 

 

Description: 

- As you can see in the figure, anisotropic regions are coarsened to a minimum 

stretching direction. While the isotropic regions are coarse in all directions. The 

overall shape of the layers is also preserved. 

- In this mesh, smoothing is also performed 2 times. 

- Average program run time: 10 seconds 

 

A mesh around an airfoil without the anisotropic boundary layer: 

 

Figure 14: The mesh (far view) in fine mode(red) and after coarsening(green) 

 

 

Figure 15: The mesh (far view) in fine mode(red) and after coarsening(green) 
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Figure 16: Part of the fine mesh(red) and after coarsening(green) 

 

 

Figure 17: Part of the fine mesh(red) and after coarsening(green) 

 

 

Table 5: Specification before and after coarsening 

 

 

 

 

 

 

 

 

 

 

Description: 

- In this mesh, smoothing is also performed 1 time. 

- Average program run time: 10 seconds 

 

 

 

 

 

 

 

 

Specification Before Coarsening After Coarsening 

Number of Cells 6824 2235 

Number of Faces 10332 3406 

Number of Regions 4 4 

Interior faces of zone DUCT 10140 3301 

Faces of zone DU30 Low 76 40 

Faces of zone DU30 Up 76 43 

Faces of zone INLET 40 22 
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A triangular isotropic mesh without any anisotropic boundary layer: 

 

 

Figure 18: The mesh (far view) in the fine mode(red) and after coarsening(green) 

 

Table 6: Specification before and after coarsening 

Specification Before Coarsening After Coarsening 

Number of Cells 792 270 

Number of Faces 1239 433 

Number of Regions 3 3 

Region 1 Faces 60 31 

Region 2 Faces 42 23 

Region 3 Faces 1137 379 

 

Description: 

- In this mesh, smoothing is also performed 1 time. 

- Average program run time: 5 seconds 
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A hybrid mesh which has 3 distinct airfoils and anisotropic boundary layers 

 

 

Figure 19: The mesh (far view) in the fine mode(red) and after coarsening(green) 

 

 

Figure 20: Part of the boundary layer in the fine mesh(red) and after coarsening(green) 

 

 

Figure 21: Part of the boundary layer in the fine mesh(red) and after coarsening(green) 
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Table 7: Specification before and after coarsening 
Specification Before Coarsening After Coarsening 

Number of Cells 7031 2457 

Number of Faces 14483 6786 

Number of Regions 11 11 

Interior faces of zone FACE.4 11800 5605 

Interior faces of zone FACE.5 2071 682 

Faces of zone WALL-OBSTACLE 13 7 

Faces of zone VELOCITY-INLET 30 15 

Faces of zone VELOCITY-INLET 2 60 33 

Faces of zone OUTLET 30 17 

Faces of zone INTERFACE1 50 27 

Faces of zone INTERFACE2 62 33 

Faces of zone WALL-FACE.4 15 15 

Region 10 Faces 176 176 

Region 11 Faces 176 176 

 

Description: 

- As seen in the figure, this mesh has three airfoils, which have their own boundary 

layers. We see that all three boundary layers are coarse. 

 

Coarsening in other regions has been done in an isotropic state and has been done in all 

directions. 

- In this mesh, smoothing is also performed 3 time. 

- Average program run time: 15 seconds 

 

A triangular boundary layer meh: 

 

Figure 22: The mesh (far view) in the fine mode(red) and after coarsening(green) 
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Figure 23: Part of the boundary layer in the fine mesh(red) and after coarsening(green) 

 

Table 8: Specification before and after coarsening 

Specification Before Coarsening After Coarsening 

Number of Cells 3218 940 

Number of Faces 4897 1445 

Number of Regions 3 3 

Interior faces of zone FACE.4 100 50 

Interior faces of zone FACE.5 40 20 

Faces of zone WALL-OBSTACLE 4757 1375 

 

Description: 

- In this mesh, smoothing is also performed 1 time. 

- Average program run time: 10 seconds 

 

A hybrid mesh around an airfoil (least stretching in the z axis direction): 

 

This mesh has an anisotropic boundary layer and an anisotropic wake area. Other regions are 

isotropic. This mesh has been extruded from a 2D mesh in z direction. Its minimum stretching 

is in the z axis direction. Therefore, it is expected that the anisotropic regions will be coarse in 

the direction of the z axis. The elements of the boundary layer regions of this mesh are 

hexagonal and elements of other regions are in the form of prism cells. 

 

Figure 24: The far view of the mesh in the fine state(right) and after the coarsening(left) 

 

We see in the above figure that there is a middle layer in the fine mesh. The least stretching of 

the mesh is in the direction of the middle layer(z-axis). Therefore, the mesh will be coarse in 

that direction. we see that in the left-hand side (after coarsening) the middle layer is removed.  
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Figure 25: Part of the boundary layer in the fine mesh(right) and after coarsening(left) 

 

 

Figure 26: Part of the boundary layer in the fine mesh(right) and after coarsening(left) 

 

To make it clearer, we have used Tecplot's Contour mode. We see that the midpoints of the 

mesh, which appear in the right figure in the form of a green line, are removed in the left-hand 

side. 

 

Table 9: Specification before and after coarsening 
Specification Before Coarsening After Coarsening 

Number of Cells 32918 16556 
Number of Faces 106249 61557 
Number of Regions 6 6 
Faces of Region1 55898 28053 
Faces of Region2 848 426 
Faces of Region3 126 63 
Faces of Region4 16459 97 
Faces of Region5 16459 16459 
Faces of Region6 16459 16459 

 

Descriptions: 

- As shown in the figure, the middle layer is completely deleted from the mesh. 

- Average program run time: 10 seconds 
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A hybrid mesh around an airfoil (least stretching in the direction of x, y): 

 

This mesh is the same as the previous mesh, with a difference in stretching direction which 

have the least stretching in the direction of x and y axis. Therefore, it is expected that the 

coarsening operation will be done in the x or y axis direction. This mesh has a boundary layer 

and a wake area. 

 

Figure 27: The far view of the mesh in the fine state(right) and after the coarsening(left) 

 

Figure 28: Part of the boundary layer in the fine mesh(right) and after coarsening(left) 

 

 

Figure 29: Part of the boundary layer in the fine mesh(right) and after coarsening(left) 

 

The above figure shows some of the midpoints in the mesh boundary layer area. The right 

figure is the initial fine mesh and the left side figure is the coarse mesh. 
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Table 10: Specification before and after coarsening 
Specification Before Coarsening After Coarsening 

Number of Cells 49377 28130 

Number of Faces 151144 84676 

Number of Regions 6 6 

Faces of Region1 83847 46294 

Faces of Region2 1272 1272 

Faces of Region3 189 170 

Faces of Region4 32918 18517 

Faces of Region5 16459 9099 

Faces of Region6 16459 9324 

 

Descriptions: 

- This mesh was created by extruding a 2D mesh in the z axis direction. 

- Average program run time: 10 seconds 

 

A 3D mesh within a hemisphere: 

 

 

Figure 30: The far view of the mesh in the fine state(right) and after the coarsening(left) 

 

Figure 31: The far view of the mesh in the fine state(right) and after the coarsening(left) 

 

Table 11: Specification before and after coarsening 
Specification Before Coarsening After Coarsening 

Number of Cells 385175 184357 

Number of Faces 777619 372701 

Number of Regions 5 5 

Interior faces of zone INTERIOR 763131 364787 

Faces of zone WALL-INTERIOR 83 83 

Faces of zone INLET 9138 5017 
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Faces of zone SOLID2 3679 2038 

Faces of zone SYMMETRY 1588 776 

 

Descriptions: 

- before to the contraction operation, 49,854 edges were selected to be removed 

- Average program run time: 20 seconds 

 

A 3D mesh within a hemisphere: 

 

Figure 32: The far view of the mesh in the fine state(right) and after the coarsening(left) 

 

Figure 33: close image of the top view of the mesh in the fine state(right) and after the 

coarsening(left) 

 

Table 12: Specification before and after coarsening 
Specification Before Coarsening After Coarsening 

Number of Cells 281966 139701 

Number of Faces 670624 283269 

Number of Regions 5 5 

Interior faces of zone SOLID 557240 275543 

Faces of zone WALL-SOLID 260 198 

Faces of zone CIRCLE 2939 1696 

Faces of zone SEMI_SPHERE 3349 1640 

Faces of zone ONERA_M6 6836 4192 

 

Descriptions: 

- before to the contraction operation, 67,387 edges were selected to be removed 

- Average program run time: 15 seconds 
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A hybrid mesh around an airfoil (least stretching in the direction of z axis): 

 

Figure 34: Far view of the mesh in the fine state(right) and after the coarsening(left) 

 

Table 13: Specification before and after coarsening 
Specification Before Coarsening After Coarsening 

Number of Cells 76464 49867 

Number of Faces 249216 166437 

Number of Regions 6 6 

Faces of Region1 152220 96987 

Faces of Region2 708 354 

Faces of Region3 708 708 

Faces of Region4 57348 31132 

Faces of Region5 19116 18660 

Faces of Region6 19116 18596 

 

Descriptions: 

- Average program run time: 70 seconds 

- As shown in the figure, the middle layers were in the direction of z axis and were in 

the direction of the least mesh stretching were completely removed from the mesh 

 

 

SUGGESTIONS AND FUTURE WORK 

 
- In this research, two different criteria are used to coarse the isotropic and anisotropic 

regions. Given that the metric fields will become a circle or a sphere in isotropic 

regions, if in the isotropic regions of the mesh the metric field be used; then the 

coarsening of isotropic regions will be more accurate 

- In [8], a new method for eliminating non-manifold conditions is introduced, in which 

the nodes and edges that can be removed are identified by 

 

Euler's criterion and removed if possible. This criterion can be used along with the presented 

algorithm to increase the accuracy. 

 

- According to [11], The performance of these type of algorithms can be improved by 

segmenting the mesh and parallel processing. To do this, you can use clustering 

algorithms like FCM or K- Means, etc. We suggest that, for simplicity, first create a 

Voronoi graph of the mesh elements, which that nodes will be the centers of each 

element. Then clustering will be done on the Voronoi graph nodes. It is better to use 

the metric fields as a distance criterion 

- The layering method introduced in this study can be used in studies that needs mesh 
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boundary layering. 

 

 

DISCUSSION AND CONCLUSION 
 

In the past, many algorithms have been developed to simplify the meshes. The most effective 

algorithms are based on the multi-grid methods. In these methods, a sequence of meshes will 

be created. Which will make each mesh coarser than its previous mesh. In addition, we 

concluded that to detect the mesh removable elements, we should use two different criteria. 

One of those is used to coarse the isotropic regions, and the other is used for the anisotropic 

regions. In the isotropic states, we used the "nearest neighbor distance" criterion, However, In 

the anisotropic regions, we used the metric fields to coarsening. The results show that by using 

these two criteria together, the final mesh will have better quality. We've improved the previous 

layering algorithms and created a new mesh boundary layering method. We did this by 

correcting the layers in each step. This will improve the mesh boundary layering accuracy. 

 

In this survey, after detecting the removable elements, we used the edge contraction method to 

eliminate them. In this algorithm, all types of elements can be coarse. In other words, at each 

step, by removing each edge, the element type or the face type will be changed. we can say, at 

each step the invalid states of each element are identified and prevented from occurring. In 

order to identify the type of elements, we would use a metric called the metric fields. Based on 

the experimental results, using the field metric, we can do a better layering and a more accurate 

coarsening in the anisotropic regions. 
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