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ABSTRACT 

Within the framework of the theory of plane steady filtration of an incompressible fluid according 

to Darcy’s law, two limiting schemes modeling the filtration flows under the Joukowski tongue 

through a soil massive spread over an impermeable foundation or strongly permeable confined 

water bearing horizon are considered. 
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INTRODUCTION 
 

The problem on the flow around a tongue was investigated for the first time by N.E. Joukowski in 
[1], where the modified Kirchhoff method from the theory of jets was used for solving problems 

with a free surface, and a special analytical function, which is widely applied in the theory of 

filtration, was introduced. After this publication, the function and the problem, as well as the 

tongue, were named after Joukowski [2]. This study opened the possibility of the mathematical 

modeling of motions under the Joukowski tongue and initiated investigations of the specified 

class of filtration flows (see, for example, reviews [3]. At the same time, there are no studies 

devoted to special investigation of the effect of evaporation or infiltration on the pattern of 
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motions. These important physical factors have been disregarded in exact analytical solutions of 

similar problems until now. 

 

In this work, we studied the effect of evaporation or infiltration by the example of two 

schemes that arise in the flow around the Joukowski tongue. The first scheme corresponds to the 

case in which the soil layer is underlain to the entire extent by an impermeable basis, and 

evaporation takes place from the free surface. In the second scheme, the underlying layer rep 

resents an entirely well permeable confined water bearing horizon and there is infiltration on the 

free surface. 

 

We present a uniform technique of solving the problems, which enables us to take into 

account also other basic filtration characteristics in the investigation (the backwater both from the 

side of the underlying impermeable basis and the highly permeable confined water bearing 

horizon and the soil capillarity) and to estimate the joint effect of these factors on the pattern of 

the phenomenon. Evaporation or infiltration on the free surface are studied using the Polubarinova 

- Kochina method and the ways of conformal mapping [5, 6] developed for regions of a special type 
[4]; in this case, the mixed multi parameter boundary value problems of the theory of analytical 

functions are solved. Taking into account the typical features of the flows under consideration 

makes it possible to present the solutions through elementary functions, which makes their use 

most simple and convenient. The results of numerical calculations are presented, and the 

hydrodynamic analysis of the effect of evaporation or infiltration, as well as all physical 

parameters of schemes on the filtration characteristics, is given. 
 
 

MATERIAL AND METHODS 
 

Flow around the Joukowski Tongue in the Presence of a Horizontal Confining Bed on a Foundation 

(Scheme 1) 
 

We consider the 2D (in the vertical plane) steady filtration of a fluid in a homogeneous and 

isotropic soil layer of thickness T, underlain by a horizontal impermeable foundation (confining 

bed) under uniform evaporation of intensity ε (0 < ε < 1) from the free surface, Fig.1. 
 

 

Figure 1: Flow pattern calculated atε= 0.6,hc= 0.5,T= 7,S = 3, and H = 5. 

 

The flow is provided by the water inflow from the left-hand side of the flooding band AB with the 

time invariable fluid layer. The impermeable vertical screen in the form of the Joukowski tongue 
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AF of S in length, the basis of which is located inside the layer (Fig. 1), serves as the right-hand 

edge of the flooding band. 

 

We introduce the complex motion potential ω = φ + iψ (φ is the velocity potential, and ψ is the 

stream function) and the complex coordinate z = x + iy referred correspondingly to κT and T, 

where κ = const is the soil-filtration coefficient. The problem consists in finding the complex 

potential ω(z) as the function, which is analytical in the filtration region z and satisfies the 

following boundary conditions: 

 
AB: y = 0, φ= –H; BC: y = –T, ψ= 0; 
CDE: φ= – y + hc, ψ= – εx + Q; 

EA: x = 0, ψ = Q, 

 

(1) 

 
where hc is the static height of capillary rise of soil waters and Q is the desired filtration flow rate 

of the water. Assuming that CDE x = L in the second condition in Eq. (1) for the portion CDE, we 

obtain: 

Q = εL. (2) 

 
The problem is solved by using the Polubarinova-Kochina method, which is based on the 

analytical theory of the linear differential equations of the Fuks class [7]. 

 

We introduce an auxiliary canonical variable ζ and the functions z(ζ), which conformably maps 

the upper half-plane Imζ> 0 to the flow region z at the correspondence of points ζB = 0, ζC = 1, 
ζE = ∞, and also the functions 

𝑑ω
and   

𝑑z
. Determining the characteristic parameters of the last 

𝑑ζ 𝑑𝜁 

functions near the regular special points, [Fig-2] 
 

 

 

Figure 2: Regular of complex velocity w for Scheme 1 
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We find that they are the linear combinations of two branches of the following Riemann function: 
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(3) 

 

Whereπν = 2arccot√ε.It can be seen that point ζ= –ζA is the ordinary point for the function Y 

representing the last Riemann symbol. The following linear differential equation of the Fuks class 
with four regular special points corresponds to this symbol: 

 
 

1 1 − 𝑣 1 
𝑌′′ + ( +  −  )        𝑌′ 

2ζ  ζ − 1  ζ − ζ𝐷 

𝑣(1 + 𝑣)ζ + λ0 
+ 𝑌 = 0, 

4ζ(ζ − 1)(ζ − ζ𝐷) 

 

(4) 

 
Where λ0 is the accessory parameter, we recall that the prototype ζD of the cut vertex D in Eq. (4) 

and also the accessory constant λ0remain unknown in the formulation of the problem. 
 

RESULT 
 
 

Table 1: Results of calculations of the values of d and Lwith variation of ε, hc, S, and H 
 

 
ε d L hc d L S d L H d L 

0.2 0.140 18.39 0 2.396 8.05 3 2.234 8.38 3 2.885 7.06 

0.4 1.463 11.31 0.25 2.315 8.21 4 2.392 8.05 4 2.559 7.72 

0.8 2.759 6.72 1 2.073 8.70 5 2.519 7.79 7 1.912 9.02 

0.9 2.965 6.13 2 1.751 9.35 6 2.626 7.57 8 1.912 10.32 

 

We consider the region of the complex velocity w (Fig. 2) corresponding to boundary conditions.  

This region, which is represented by a circular quadrangle with two right angles, the angle of πνat  

the vertex C, and a cut with the vertex at the point D, belongs to the class of polygons in polar 

grids. Similar regions are quite characteristic for many problems of underground hydromechanics: 

in filtration from amole sprinkler [8], in the flows of fresh waters in lenses formed above salty 

waters at rest during filtration from reservoirs and channels [9], and in the flow around the 

Joukowski tongue in the presence of salty up thrust waters [10]. 
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The replacement of variables ζ= tanh2t transfers the upper half plane ζ into the horizontal semi- 

band Ret > 0, 0 < Imt < 0.5π of the plane t, and the integrals Y of Eq. (4), which are constructed 

by the technique developed previously in [4–6], are transformed to the form 
 

cosh𝑡cosh𝑣𝑡 + 𝐶sinh𝑡sinh𝑣𝑡 
𝑌1 = 

cosh1+𝑣𝑡 

cosh𝑡sinh𝑣𝑡 + 𝐶sinh𝑡cosh𝑣𝑡 
𝑌2 = 

cosh1+𝑣𝑡 
,
 

 
 

(5) 

Where𝐶 = cot𝑓cot𝑣𝑓, a and f (0 <a <f < 0.5π) are unknown ordinates of the points A and F in the 

plane t. 

 
Considering relations (3) and (5) and considering that w =𝑑ω , we come to the dependences 

𝑑𝑧 

 
𝑑ω cosh𝑡sinh𝑣𝑡 + 𝐶sinh𝑡cosh𝑣𝑡 

= √ε𝑀 , 
𝑑𝑡 Δ(𝑡) 

 

𝑑z cosh𝑡cosh𝑣𝑡 + 𝐶sinh𝑡sinh𝑣𝑡 
= 𝑀 , 

𝑑𝑡 Δ(𝑡) 

(6) 

Δ(𝑡) = √sin2𝑎 + 𝑠inh2𝑡  

 
 

Where М> 0 is the scale constant of modeling, 

 

The writing of representations (6) for different portions of the boundary of the region t with 

subsequent integration over the entire contour of the auxiliary region of the parametrical variable t 

results in the expressions for set S, T, and H and the desired values of d and L; the flow rate in this 

case is calculated from formula (2). 

 

In Fig. 1, we show the flow pattern calculated at ε = 0.6, hc= 0.5, T = 7, S = 3, and H = 5. The 

results of calculations of the effect of determining physical parameters ε, hc, T, S, and Нon the 

sizes of d and L are listed in Table 1. The analysis of the calculations and data in Table 1 allows 
us to make the following conclusions: 

 

 An increase in the height of rise due to capillary forces in the soil, and the pressure in the 

pool, as well as the decrease in the evaporation intensity, the layer thickness, and the 

tongue lengths result in decreasing value of d, i.e., to an increasing ordinate of point D of 

the exit of the depression curve from under the tongue. For example, according to Table 1, 

an increase of 4.5 times in the parameter ε corresponds to a variation by 4.7 times in depth 

d. 

 The value of L of the fluid-spread width over the confining bed increases with the static 

height of the capillary rise of groundwater, the layer thickness, and the pressure in the pool 

and with a decrease in the evaporation intensity and the tongue lengths. For example, it 

can be seen from Table 1 that the width L increases three times with increasing parameterε 

4.5 times. If we introduce the dimensionless value ofℎ(𝑑) = 
𝑆−𝑑 

, ℎ(𝑆) = 0, describing 
𝑑 

the relative height of the groundwater rise behind the tongue for all calculation variants, it 
proves that d > 0 and, hence, 0 <h < 1, the highest and lowest values of h are achieved 

precisely with the variation of evaporation intensity: max h (d) = 0.95 atε= 0.2 and minh 

(d) = 0.01 at ε= 0.9. 
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Flow around the Joukowski Tongue in the Presence of a Highly Permeable Horizon Containing 

Confined Underground Waters on a Foundation (Scheme 2) 
 

We consider now another limiting case arising in the problem of flow around the Joukowski 

tongue, when the soil layer is spread under an easily penetrable confined water-bearing horizon 

ВС, 
 

Figure 3: Flow pattern calculated atε = 0.6, Т = 7, S = 3, H = 7, H0 =3, and xC = 100. 
 

The pressure in which has a constant value of Н0, and there is a uniform infiltration of intensity ε 

(0 ≤ ε< 1) on the free surface (Fig. 3). Then far from the tongue (at х→ ∞), the depression curve is 

horizontal and located at the height H0above the water-bearing horizon. In this scheme, boundary 

conditions (1) on the portions АВ and ЕА are retained, and the conditions on the boundaries ВС 

and CDE are replaced with the following: 

 
BC: y = –T, φ= H0; 
CDE: φ= – y -T, ψ= – εx + Q. (7) 

 
The region of complex velocity w corresponding to boundary conditions which represent a 

circular triangle with two right angles and with a cut with the vertex at the point D, is shown in 

Fig. 4. Similar polygons are quite typical in the drainage problems [11–13] under the motion of 

groundwater through dams with diaphragms [14, 15] etc. 

 

Usually such regions are transferred into rectilinear polygons with the help of inversion with the 

subsequent use of the Christoffel–Schwarz formula, which, as a rule, results in the solution 

through elliptical functions and integrals. 

 

Contrary to these possibilities, we propose below away based on the direct use of an equation of 

the Fuks type, the integrals of which are the trigonometric functions sine and cosine. 

For this purpose, it is convenient this time to choose a different correspondence of points in the 

upper half plane ζ: 
 

−∞ = ζ𝐷 < ζ𝐸 = 0 < ζ𝐴 < ζ𝐵 < ζ𝐶 = 1 < ζ𝐷 = ∞. 
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Applying the Polubarinova-Kochina method, we find that, in this case, the functions 𝑑ωand 𝑑zare 

the 
 

 

Fig. 3 Region of complex velocity w for Scheme 2 

𝑑𝜁 𝑑ζ 

 

 

linear combinations of two branches of the following Riemann function: 
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(8) 

 

From consideration of the region of w and relation (8), it follows that the points ζ = ζA and ζ = ζВ 

are the ordinary points for the function Y representing the last Riemann symbol. The linear 

differential equation of the Fuks class with three regular special points corresponds to it: 
 
 

ζ(1 − ζ)𝑌′′ + 
1 
− ζ) 𝑌′ + 𝑌 = 0. ( 

2 
(9) 

 

Equation (9) is the Gaussian equation [7]. Its canonical integrals in the vicinity of the point ζ = 0 

are expressed through the hyper geometrical function F (α, β, γ, ζ) [7] and have the following 

form in this case: 
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Table 2: Results of calculations of the values of d and h with variation of ε, S, H and H0 

 

 

ε d h S d h H d h H0 d h 

0.2 0.058 0.98 1 –3.905 4.91 3 0.631 0.79 1 –2.217 1.74 

0.4 –1.209 1.40 2 –3.211 2.61 5 –0.968 1.32 2 –2.399 1.80 

0.8 –4.072 2.36 4 –1.996 1.50 8 –3.399 2.13 4 –2.774 1.92 

0.9 –4.860 2.62 5 –1.434 1.29 9 –4.217 2.41 5 –2.968 1.99 

 
 

1 
𝑌1(ζ) = 𝐹 (−1, 1, 

2 
, ζ), 

1 3 3 
𝑌2(ζ) = √ζ𝐹 (− 

2 
, 
2 

, 
2 

, ζ). 

 
(10) 

The replacement of variables ζ = sin2t changes the upper half-plane ζ into the vertical semi band 0 

< Ret <0.5π, Imt > 0 of the plane t at the correspondence of vertices tE= 0, tC= 0.5π, tD= ∞, and 

integrals (10) are transformed to 

 
𝑌1 = sin2𝑡, 𝑌2 = cos2𝑡. (11) 

 
Considering relations (8) and (11), we come to the desired dependences 

 
 

𝑑ω sin2𝑓sin2(𝑡 − 𝑚) 
= −𝜀𝑀 , 

𝑑𝑡 sin2𝑚Δ(𝑡) 

 

𝑑𝑧 sin2(𝑡 − 𝑓) 
= 𝑖𝑀 , 

𝑑𝑡 Δ(𝑡) 
(12) 

Δ(𝑡) 
 

= (sin2𝑏 − sin2𝑡)cos𝑡√sin2 − sin2𝑡, 
 

Where m and f are the prototypes of the points М and F(0 <m <f <a <b < 0.5π) related as 

 
tan2𝑚cot2𝑓 = 𝜀. (13) 

 
Unknown constants a, b, m, and М are determined from the set of equations consisting of the 

expressions for S, Т, Н, H0, and with fixation of the abscissa хC of the point С of the depression 

curve. 
 

 

CONCLUSION 
 

We note the limiting case of the flow related to the absence of infiltration, i.e., at ε = 0. 

With considering the parameters m, f, and ε from Eq. (13), the solution of the problem in the case 

when ε = 0 follows from dependences (12) at m = 0, i.e., when the points Сand Е of the 

depression curve in the plane w merge at the origin of coordinates with the point М of zero 

velocity. Thus, we obtained the solution of the problem considered for the first time by V.V. 

Vedernikov [13]but only with another method and in a different form ,i.e., through conventional 

trigonometric functions. 

In Fig. 3, we show the flow pattern calculated at ε = 0.6, T = 7, S = 3, Н= 7, H0 = 3, and xC= 100. 

The results of calculations of the effect of the determining physical parameters ε, S, Н, and H0 on 

the value of d and the parameter h(d) are listed in Table 2 (the negative values of d mean that the 
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free surface rises behind the tongue above the abscissas abscissa axis). The analysis of 

calculations and data in Table 2 enable us to make the following conclusions. 

An increase in the intensity of infiltration and pressure in the pool and in the underlying horizon, 

as well as a decrease in the layer thickness and the tongue length, result in decreasing value of d. 

We recall that, previously in Scheme 1, a decrease in the evaporation intensity, on the contrary, 

resulted in similar behavior of the value of d. From Table 2, it can be seen that it is exactly the 

infiltration on the free surface that induces the greatest effect on the depth d, it being quite 

substantial that the value of d varies almost 84 times with increasing the parameter ε 4.5 times. 

Contrary to Scheme 1, where only positive values of d were observed, here it proved that d < 0 for 

the overwhelming majority of the calculation variants, i.e., the depression curve rises above the 

abscissa axis and, hence, h(d) > 1. In this case, the values of the parameter h can be quite 

significant: from Table 2, it follows that h(d) = 4.91 for S = 1. It can be seen that, as in scheme 1, 

the lowest value of h is achieved now upon variation of the infiltration intensity ε on the free 

surface: min h (d) = 0.98 at ε = 0.2. 
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